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THE TRANSONIC FLOW OF GAS OVER A CONVEX CORNER *

V. N. DIESPEROV

The transoic flow of gas over a convex corner with straight line generatrices, in
which the Vaglio-Laurin flow /l1/ is realized, is considered. This means that in
the external potential £low upstream of the corner point all flow parameters are
known in the neighborhood of the latter /2—5/. The favorable pressure gradient
becomes infinite at the approach to the corner point.

We investigate the interaction between the boundary layer and the external potential flow
in the corner point neighborhood, and seek the solution by introducing perturbations in the
velocity vector longitudinal component U at the corner point, As the small parameters we
take the distance upstream from the corner apex and the reciprocal of the Reynolds number of
the oncoming potential stream. Expansions of the flow parameters valid in the basic part of
the boundary layer are, then, merged with their expansions in the external potential flow and
in the thin boundary layer region next to the wall, which must be taken into account if the
boundary conditions are to be satisfied, This makes possible the determination of the be-
havior of " in the neighborhood of the rectilinear generatrix, which corresponds to the
Vaglio-Laurin singularity. As shown in /6~—13/, the knowledge of the behavior of I and of
the dependence in the external flow on the boundary layer displacement thickness is necessary
for determining all characteristic dimensions in the free interaction region.

], We use the Cartesian system of coordinates z,y whose origin lies at the corner
point and the negative semiaxis r coincides with its rectilinear generatrix; vx and v, are
velocity vector components; ¢ is the flow potential, p is the pressure, p is the density, [
is the temperature, « is the speed of sound, and y is the specific heat ratio; [, is a charact-
eristic dimension of the external potential flow, p is the first coefficient of viscosity, &
is the thermal conductivity coefficient; Re and P are, respectively, the Reynolds and Prandtl
numbers of the oncoming stream. The critical values of all parameters are taken as their
characteristic values which are denoted by an asterisk. The thermodynamic variables are re-
lated by the equation of state of perfect gas. Below, all flow parameters and eguations link-
ing these are assumed to be dimensionless.

The external stream in the region of &« 1is potential and defined by Euler's equations.
In the corner point neighborhood the solution can be sought in the form /1—5/

G- T H Yo 8 Y E) o, s )y (1.1)

Solution (l.1) for z<<O,y ) satisfies the impermeability condition 04 /dy == v, = U
and for z >, y — (} becomes the Prandtl —Mayer flow. It was also shown in /3—5/ that it is
not possible to continue solution (1.1) into the region z >0, y— 0 and that it is necessary
to introduce a shock wave,

Functions f, and f; satisfy the ordinary differential equations

(2 W) — &+ =0
(o —w)n—(Gs+w)h +h=
M oy — ) 105 1 Tho— 540) (6 — - 20)]

The Vaglic —Laurin solution f, can be represented in the parametric form /2,3/
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fo = C*( — D)7 (T2 — 140 ¢ - 160) / 21 (1.2)
E==C(t—1)yh(t—3;), 1<<t<<oo, C = const
The behavior of velocity components v, and 1, pressure P, and density p at << 0
and ¥ > 0 based on soluticns (1.2) is defined as follows:
ve oo L dy (= s — dy (=) vy = — mgy () (1.3)
my (— x4+ ...
o | 1— 2 .
p=1--do(— i+ [ i+ S5 ] (=
oot pd (= @ b pdy (@) L my = ()
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0 = 3’,55'/5(1 -+ v)—?/u Cl/5> 0’ m; = const, dl — const

Expansions (1.3) imply that the pressure gradient in the neighborhood of the corner point
is favorable and

4
%: —-—§~‘ydo(— x)-'/"‘"Tvdl(—’ s — o<, (—2)—0 (1.4)

2., The interaction between the flowing gas and the surface of the corner (z<C0) results
in the formation of a boundary layer which is subjected to the action of the external flow
with the favorable pressure gradient (1.4). We define the boundary layer by equations of con-
ventional form

dpv ' Opl’y -0

gx " oY (2.1)
o 9 1 9 1 4 v 3
IR /A R L SN TN AN . 9p _

Vagy TVugy =~ e T aY(” ay)‘ 5y =0

1 dp 14 Ip ap 1 9 oT

y”xTr”T(”xE+Vy ay) Pr a7 (1" oy)+

piy—1 (aﬁ)z

Y = Re'ly, vy == Re/Vy, Re = p, / (p,a,L)

Below, we assume a linear dependence of the coefficients of viscosity and thermal con-
ductivity on temperature: w =7 and k=T.

The solution of system (2.1) must satisfy the following boundary conditions. When Y = 0,

2z << 0 the velocity components v, =V, =0 and the corner surface temperature rmust be
either constant or, in the case of a heat insulated wall, 47/4Y =0. When Y —»> o0, 2<<0
the velocity component Vx and density p must merge with expansions (1.3).

Let us assume that there is a solution that satisfies the specified conditions.We denote
by U (Y) the profile of the velocity vector longitudinal component at point z =0, U(Y) -
v, (0, Y),and by R (Y) the density, and seek the solution of system (2.1) in the neighborhood
of the corner apex in the form of expansions

p =1 4 vdy (= 2)h + ydy (— ) + ... (2.2
= U (Y) + (— a2/ {ugeln (— 2) + ugyl + (— 2)"» (19l X

(— 2) + upln (— 2) + upl + ...
Vy = (—x)7h [Vooln (— ) + Vil + (— 2)7* [Vigln? (—z) +
Viln (— 2y + Vil + ...
p = R (Y)+ (— x)'s [pooln(— 2) + pord 4 (— 2)%s [pyeln*-
(—'I) _’_ pllln (_I) -+ pn] “{’

When Y — o0 we immediately obtain KR == U = 1. The functions of Y in expansions (2.2)
satisfy systems of ordinary differential equations which can be presented in the general form

) il + 2iR) - o (RV,) = Py (2.3)

— (0 ) URuy; + U'RV = P
Uy (A1) Upn = RV = P

System (2.3) reduces to solving the single equation

UVni—UVm—[U( ni l Pq) P?u]/R (2'4)
Having solved Egs. (2.4) we determine functions Un; and Qi using formulas
5 v’ Py 5 R Py (2.5)
unismliTVni—mf v i =TTy T Vet
For i =0, n =0 system (2.3) is homogeneous and its solution is of the form
Voo = AU (Y), oo == 32 AgoR' (Y), wyg = %A 0,U'(Y) (2.6)

For n = 0,7 =1 the solution of system (2.4), (2.5) can be represented in the form
- 2.7
Vo= [ 4.‘% o (Y):l U(y) ¢ )

[TAM — 2 g dof W] o m —

por = [T Au~ B Ay = Ao (V)| R () + doR
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¢ 1—12R
[(V)= STm_dY
J

The behavior of U (Y) and R (Y) as Y — oo is assumed such that the integral I (¥) is con-
vergent. The solution for functions with subscripts n =1 and i ( is of the form
Vip = AU (Y) -+ % A6*U" ()
g = ¥y (AU (V) + %, Ag® U (V)]
por LAy RO(Y) 4 %, Ag® R™ (V)]
The solutions for functions with subscripts n =1 and i =1, 2 are not presented here

owing to their unwieldiness. Note that for n - 1 and i :1 the right-hand sides of system
(2.3) approach zero as Y > «, which means that

(2.8)

lim V- Ay, lim wyy - limpy, = 0, ¥ — oo (2.9)

In the case of n=1 and (- 2 we have

lim Py? = ¥/, dy, lim Py -, dy - 2, (1 — 3) dy?

lim {[(sz - P123) U — P222] / R} = ?/5 (1 + 'Y) d02, Y > o0
from which and Egs. (2.4) and (2.5) follows
(2.10)
Vig oo Aie — 35 (1 +9) d®Y + 0 (1), uy, = —dy + o0 (1)

Pre==d + 1 (1 —9)d* +0(1), ¥ - o0

Note that in the considered approximation the right-hand sides of system (2.3) do not
contain dissipative terms. Hence the flow in the main part of the boundary layer is vortical,
and it is possible to neglect in it the effects of dissipative factors and represent it by
expansions (2.2).

Finally, we merge expansions (1.3) and (2.2). The external variable y is related to the
internal Y by formula y == Re™': Y. Formulas (2.6)— (2.10) imply that the external expansion
of the internal expansion (2.2) for v, and p fully match their expansions (1.3) in the ex-
ternal potential stream. For iy, we have

vy = — 5 (1 -k 9) do’y + Re™~ {{dgodn (— 2) 4- Ag1) (— 2) 77 - (2.11)
Of{(— z)™In (— )1}

We thus find that for merging in the first approximation v, in the potential stream it
is necessary to consider in expansions (2.2) terms of order up to (— z)7's

3, However it is not possible to satisfy the boundary conditions at the corner sur-
face, using expansion (2.2). Because of this it is necessary to introduce in the boundary
layer region next to the wall a thin sublayer in which viscosity plays a predominant part.

As implied by (2.2) the boundary layer displacement thickness is defined by § ~ Re™'/: (— )/
In (— z). The effect of heat conduction on the flow pattern is minor, since under the specif-
ied thermal conditions at the corner surface and low velocities of motion the compressibility
of gas manifests itself only weakly. For the sublayer we seek a solution of the form

, 3.1
b = (= 2y () + (= @)y () 4y o R(0) -+ 3.0
(— 2)py () -+ -
Vy = (—2)Vm) + Vi) +. ..
P vy (— 2 4 pdy (= 2 o = Y (— oy
The exponents of (— z) in the first terms of expansions of v, and Vy, and of the

self-similar variable n are determined by the condition that along lines m = const the terms
of continuity and of motion in Egs. (2.1) must be of the same order. This is equivalent to
the requirement that the forces of friction, inertia, and pressure must play equal parts in
shaping the flow in the sublayer. The temperature is determined by the equation of state

el ) )

We introduce the stream function
Yo (=2t By () (= @) () 4
Functions F, and /F|, and the velocity components are related by formulas

(3.2)

’

w="Fy, Vo="4Fy—YnFy, uy=F,  Di

R(0)
Vi=F =¥ W, —p,Vo/ R (0)
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For determining the first approximations functions we have for F, the equations

. 1 &F, _{‘_3_ %_. 1 (dF, 2 dy (3.3)
RE(0) ay 5703 T 5 \dy 5 R()
and for the second approximation of functions [; and p, we have the system
o " , (3.4)
- R‘(U)I 5 F°F1 _‘_FoFl A PPy — — S

5 RO &
m‘{i[—f’lpo +FoT (PlFo')] +

R(O) [ (v — ai) 2]} = 21

” 2 ’ ’ -’
R“(O) pr P T 5 Ue(pr — p1) — Vopy' = (y — 1ug® +
2
TR(O)douoz N1

For Egs. (3.3) and (3.4) we have the following boundary conditions. As 1 -» oo expans-
ions (3.1) must merge with expansions (2,2). For Y =0 we have Fy =F,’ = F| = F,’ = 0. When
the temperature of the corner surface is constant, then p; (0) = yR (0), if however the corner
surface is thermally insulated, then p"(0) = 0. Note that Eqs. (3.4) are linear and the solu-
tion of the second of these is independent of the first.

When 1 —>0 the solutions for Fy, p; and F, can be represented in the form

ac

Fo= X Banmte, py == E oy, Fy= 2“ R (3.5)
n=0 n—=o

where the coefficient B, is arbitrary, f,~—15"14d,R*(0), §,-: 0, and the remaining f, (n > 2)
are determined by g, and f,. The coefficients ®; and o, are arbitrary, and the remaining

W, (n > 2) are determined by w,, ®;, B, and f,. The quantity x, is also arbitrary, andx,(n >
1) are expressed in terms of x,, f,, f,, 0, and ;.

The asymptotic behavior of solution F,, as 11— o, is of the form

(3.6)
Fy= Bon"/s - Bogn'/1 In )+ By’ - . ..
Bo=——2 % _
0T T T3 BR(U) !

Functions p, and F; are obtained by solving inhomogeneous equations. As
hand sides of E; and N, behave as O (y) and O (V7).
1N — o conforms to

n-> oo, the right-
The asymptotic behavior of p, and F,, as

pr=Cm— 9 Bm(()) Inn--Cy ... (3.7)
Fy = Mw': + Mygnslnn - Myyn' + .

The' properties of the asymptotic expansions of F, and F, for n—0 and n—> o obtained
here coincide with those in /14,15/. 1In the expansions of solutions (3.6) and (3.7) for F,,
F;, and p; only the number of terms necessary for merging expansions (3.1) with the terms of

expansions (2.2) of order (— z)/s. If (— z)'/* is assumed small, the external variable Y is
related to the internal n by the formula 1w =Y/ (— z)'hs.

The external expansion of the internal expansion represented in terms of external variabl-
es 1s of the form

De== /s BY"* + 3 MYt 11, BogV (2 In (— 2) +
Y2 BoInY +(Bog -+ Yo Ba)] Y7o (— 2o 4 . . ., p=R(0)+
ClY + R

M= — 0B,

Vy= —*%a5 BooY * (— )= In (— ) -
(/s BoInY 4 %/5 (B — Boo)] Y (— )1+ -

Comparison with the internal expansion of the external expansion (2.2), expressed in

terms of external variables yields the relation between constants and the behavior of funct-
ions U(Y) and R(Y) as Y —+0. We have

N EAEE" 4 dy 2
Aw= ('1?) BER0) ’ A= 5 B2R({U) 5 bedo

bu=§—1-—Rﬂﬁ[U 2,__‘Ty—1]dy_
¢
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4 Voo d [1-URT
BT Sln) - [_1{ ] d}
0

> 3 ~tfa 5 shy 1 Lo
UY)=-B¥" = MY™ - R(N)=RO) - Y+ . ..

L}, Let us revert to expansion (2.11). It is evident that owing to the displacing ef-
fect of the boundary layer (more exactly, of its sublayer) it is necessary to introduce in
expansion (1.1) for the external stream terms proportional to Re™ ™

@ = x + Yo (8) + ¥H(E) + Re™x[y'hIn y f4 (8) +
Yl (B + ... = ¢ + ReTVug,
The function f_,; satisfies the equation
(4.1)

25 A B 4]y 3 1 5.
(Tﬁ_gz -*fo)f—n — [WE + fo ] fa—qpfnan=— 7l +7:'§f—1u
Function f.,, satisfies the homogenous eguation (4.1). As f—> — oo the asymptotic behav-
ior of [0 and f,, is defined by the expansions
Jow= Dlip[E" = O (™M) - Do [ + 0 )]
fru= DI (8% 4 O €] + Dl (B O (E1)] + 45 D4t InE
The superscripts s and a correspond, respectively, to the symmetric and antisymmetric
Using the obtained expansions we obtain the asymptotic behavior of velocity com-

solutions.
ponents for z<C0, y—> 0, which correspond to the potential ¢,
.0 s . 4 . ~3/5 4.2
Re-h8a — (- 0] "DEay ™ - - RetiDl (— Z) I (— £)+ 4.2)
P\e-‘/zD‘u(»— T) + O(Re’l)
—1/, 9% 60; - 17 T x \~ts
Re-/ — Re~': In Re 55 D, ( T) —
, L4 x e -
Re-'/s [—6 DinlnY -+ 5o Dy (— %) 1 0(Re™)
=0+

It is obvious that for the expansion of pressure in the main part of the boundary layer

to be independent of coordinate Y it is necessary to set D_ = 0.
We seek a solution for the main part of the boundary layer, induced by the potential

Re™'ag_,, of the form

Ve = U (Y) + Ol(~ a)/s In (— 2)] + Re™luyy In (— z) + (4.3)
Uyl (—2)7h +

Vy=0 [(— )™ In (— )} + Re ™ :[V_ g In (— z) + V_pl %
(— )™+ ...

p=R(Y)+Ol—2)s In(— z)l + Re™:{p_yy In (— z) +
p-u] (—a)™hs ...

p =14 Ol(— 2™ £ y Re™hdy (— 2 +

dy = 1/5 == 9)TeD_y?

The unknown functions in (4.3) satisfy the system of Egs. (2.3) whose solutions are

Voo = AoU (Y), pago — =¥ A1o' (Y), u_yp =
—5/4A—1o U (Y)

Uiy= — [ A+ B Ag—dal (Y)] Uy)— 22
p-n= — [T Ap -+ ﬁ A —dal (Y)} R (Y)+ d4R

Vo= |:A_n -~ T‘d_,I(Y)] U(Y)
Using these solutions it is possible to show that expansions (4.3) merge with the expans-
ions of Vx and p in the external potential stream and induce perturbations of the potential

Re ™y~ [f-g¢ (&) Iny + foay (B))
To satisfy the boundary conditions at the corner surface it is necessary, as previously,
to introduce the viscous sublayer. We seek for it a solution of the form

ve = (— 2)ug + (— 2)uy + Re™ e (— 2)™ u, + ...
Vu (=t Vo + Ve () F Re (— )7 Vo
= R (0) 4 (— 2)"hp, (n) + Re™s (— ) sp_y () +

(4.4)
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We introduce function F.; defined by formulas
Uq=F, '\ V== Fy =0 F,
and obtain for the determination of solution in the sublayer the following system:

i ” 3 - [/ S 3 Lx 4 @ (4.5}
—WF—1+“§-F¢:F-1 +gFoFa— 5 FFy=——% R(x(l)

1 ” [ 2 .
o pr 0t T Vop-1 — o (“ 501t T”l?—:)=
2 I
RO [“ ”54_ -1t +_5"d°“'1j F [——i—m + —}npl ] +
Vopy A+ 2(7 — Dugul,

The asymptotic behavior of solutions for F-; and p., as 1—+0 is the same as that of Fy
and p;. As 1->oco0 we have
. 2 d f -
Foa=M_n" — Tmn/'lnn—i— ooy Pa=Coant4. ..
The merging of expansions (4.4) with expansions that are valid in the basic part of the
boundary layer and in the external potential flow yields relationships for contants in solu-
tions and new terms in expansions of v(Y) and R(Y) as Y —0

U(Y) =23, B,Y'/r 48, MY*: — 3/, Re=/sY s M, + ...

R(YY=R{0)+C;Y +Re " C_, V2 4 ...

Ago =4y (1 + )1 D%, Ayg = =% (1 + 9+ In B Dy® +
(1 4+ ) D.y°

82 4y _ 4 8 dy
A—lo = ‘ié'g’ ‘B‘a-“"“"gR © ' A-n - Td—lbo + 45 BJR (0)

5, The comparison of terms in expansions (4.3) for pressure and expansions (4.4) along
lines 7n==const show that the terms related to the displacing effect of the boundary layer are
at distances (-—z) ~ Re™/* of the same order as the terms define the effect of the external
potential stream. This means that in the neighborhood of the corner apex there is a region
of free interaction that corresponds to the Vaglio-Laurin singularity. This result can be
also obtained in ancother way /12,13/. For this it is necessary to know the behavior of
U®Y)as Y-»0 and, also, the link between the boundary layer displacement thickness and the
pressure induced by it.

Let the basic profile U (¥)=0({?% for Y -0 and z>0. The free interaction region has
a three-~layer structure /6—9/. A viscous incompressible sublayer lies next to the wall; in
it the forces of pressure, inertia, and friction mutually balance themselves. We denote by a
vinculum the variables and parameters of the stream whose order of magnitude in the sublayer
is comparable with unity. Taking into account the equations of continuity and momenta (2.1)

we obtain o= Re%7, Y=Re?¥, p=Re P, v, =le 5, (5.1)
V,= Re® BT, - v =98 a=B(2 t3) :
The solution for the main part of the boundary layer is sought in the form
b= U(Y) = Re™up (a5, Y) 4oy ¥ = Re™ %% (1, Y) (5.2)
We have to determine in formulas (5.1) and (5.2) the exponents «,B,t, and =x. In the

transonic velocity range the flow deflection angle § is related to the relatlve pressure varia~
tion Ap by formula Ap= 0 (6%) and is determined by the displacing action of the viscous sub-

layexr. From this we obtain the missing formulas for a«, P, T, % %=B,x —a 4 Y, =3¢/2. We have
. 2z . 1 . -
u~2(1+4;;’ 5‘2(1_}4:)’ w=ph v=p
which for z=1, yield g=38/, p=1,. For z=1 we have the Blasius profile a =%, 8=1,,
which conforms to the results in /13/.

The author thanks O. S, Ryzhov for interest in this work.
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